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ON THE UNIFORMIZATION OF 
THE SOLUTIONS OF THE 

POROUS MEDIUM EQUATION IN R N* 

BY 

NICHOLAS D. ALIKAKOS AND ROUBEN ROSTAMIAN 

ABSTRACT 

The asymptotics of the solution of the porous medium equation are related to 
the size of the initial data measured in an optimal way. The universality of the 
separable solutions is established. Finally an interesting difference with the heat 
equation is pointed out. 

In this paper we are concerned with the asymptotic behavior as t - - ~  of 

solutions of the porous medium equation with nonnegative, nonintegrable initial 

data: 

(PM) 

Ou 
,gt A(u"),  m > 1, 

u(x,O) = u,,(x)--_> 0, UoE LI,,c(R~'). 

It is helpful for the understanding of the various hypotheses involved to begin by 

describing the corresponding problem for the heat equation 

(HE) 

Ou m = A u ,  
cgt 

u (x, O) = u,,(x) >= O, u0 E L,~,,c(R '~ ). 

It is shown in [17] that the solution u(x, t) of (HE) stabilizes to some number a, 

i.e. 

l imu(x , t )=a for each x in R N 

if and only if uo satisfies 
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(AV) lim,~ ] B,(0){-~ f~l<, Uo(X)dx = a. 

In contrast, thc counterexample in Section 2 of this paper shows that for 

solutions of the porous medium equation (PM) the hypothesis (AV) alone does 

not imply convergence of u (x, t) to the "average" a in any sense. To remedy this 

situation we introduce an alternative method of measurement of the average via 

the condition 

(,) lim Uo( ~X ) = a, ~ E R 

which is to be understood in the sense of distributions @'(RU). We then have 

PRoPOSmOr~ A. Let u(x, t) be a solution of (PM). Then 

l im u(x ,  t )  = a 

uniformly on the expanding sets {x E R N : I x I < Ctm}, if and only if (*) holds. 

This is a special case of the more general Theorem B below. Let's point out 

here that (*) implies, but is not implied by, (AV). See the remark following 

Proposition C. The function Uo(X)= l + s g n ( x ) ,  x E R ,  for instance satisfies 

(AV) with a = 1, but (*) does not hold. The computation in Section 2 confirms 

that u ( x , t ) 7 ~ l  as t---~ce. On the other hand the function uo(x)= 
1 + sin x + fi (x), 

U(X)=]" n when n 3 - 1 < x < n  3 ( n = 1 , 2 , 3 , . . . )  

[ 0 otherwise 

oscillates, grows at infinity, and satisfies (*) with a = 1, hence Proposition A 
applies. 

The generalization of Proposition A that we have in mind corresponds to 
modifying (AV) so that it reads 

Uo(x )dx  = l (GAV) !ira ] Br(0)[-~'N.jl.l< ' 

for some s _>-O. The exponent s is a measure of the rate of growth or decay of 

uo(x) as [x I---~. In this context an important role is played by the family of 

functions As, s > 0 defined by 

s ix  I _N, A,(x) = N I B~(0)I1- ~/N x - {0} .  
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Passing to the limit at s = 0 we also define Ao(x) = 8(x) = Dirac's delta function. 

By the existence theorem of [5] for each s @ [ 0 , 2 / ( m -  1)+ N) the porous 

medium equation has a unique solution Qs (x, t) defined for all t > 0 correspond- 

ing to the initial data As(x). Thus q(x, t)=-IQs(x, Im-lt) solves (PM) with the 

initial da ta /As(x)  for any l > 0. The functions q(x, t) have a universal nature in 

the sense that they approximate solutions of (PM) for a large class of initial data. 

N >0 ,  and that there exists an Specifically, suppose that uoEL~oc(R ), uo= 

s E [0, 2/(m - 1) + N) and an l => 0 such that 

(H) ~N "Uo(~X)---~/As(x) as ~---~ ~ 

in the sense of distributions ~'(RN). Then we have: 

THEOREM B. Let u(x, t) be a solution of (PM). Then 

limt~ l u ( x , t ) - q ( x , t ) l  = 0  

uniformly on the expanding sets {x E R" �9 ix I< Ct~ if and only if (H) holds. 
Here C is an arbitrary positive constant and 

N - s  1 
a = 2 + ( m - 1 ) ( N - s ) '  [3 = 2 + ( m - 1 ) ( N - s ) "  

Observe that if u0 is such that s = N, then (H) reduces to (*) with l = a. In this 
1 case q(x, t)---a, a = 0, /3 = 5, hence Proposition A is obtained. On the other 

hand, if u0 @ L~(RN), then (H) holds with s = 0 and l = f ~  Uo(x)dx. In this case 

q(x, t) is the Barenblatt solution corresponding to the initial data IS(x), thus we 

capture in particular the result of Friedman and Kamin [14] and Kamin [9]. 

The meaning of condition (H) is brought out in the following proposition. 

PROPOSITION C. A function Uo E L~or Uo >-_ O, satisfies (H) if and only if 

(**) l im l~ l l ]  , N (  Uo(X)dx=llal-s /Nfa As(x)dx 

for all measurable sets f~ C R N. Here ~f~ denotes the dilation of a by a factor of ~, 
with respect to the origin ; ~fl = {~x : x E ll}. 

REMARKS. (i) In the special case s = N, (**) reads 

I ~f~1-1 ~ Uo(X)dx lim l 

for all lI C R N, whence it follows that (,) implies (AV). 
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(ii) Taking ~ = B,(O) in (**) we see that (H) implies (GAV). 

(iii) When u,, is sphericalIy symmetric (radial) then it suffices to test (**) with 

balls centered at the origin: 

PROPOSITION D. If uo is radial then (GAV) and (H) are equivalent. 

Then significance of the conditions (H) and (GAV) stems from the fact that 

they describe conserved quantities under (PM): 

PROPOSrnON E. (i) If uo satisfies (H) then the corresponding solution o[ (PM) 

satisfies [or each t > 0: 

~N-Su(~x,t)---~ IA,(x) as~--*~ 

in ~'(RN). 

(ii) I[ uo satisfies (GAV), then the corresponding solution of (PM) satisfies ]:or 
each t > 0: 

f u(x,t)dx--*l I B,(O) I ' '  ,~<, 

a s  r - ~ .  

Proposition E and Theorem B are proved in Section 1. Propositions C and D 

are proved in the Appendix and Proposition A is a special case of Theorem B. 

The basic tools in our proof of Theorem B are the estimates obtained by 

Benilan, Crandall and Pierre [5], as well as the existence and uniqueness 

statements in that work. 

In case s = 0 the initial data for q(x, t) is a distribution so for uniqueness we 

refer to Pierre [16]. The lower bound estimate in Lemma 1.5 uses in an essential 

way the Harnack type inequality of Aronson and Caitarelli [3]. An alternative 

proof, via comparison, is given by Alikakos and Rostamian [2]. The computa- 

tions for the counterexample in Section 2 depend on the work of Gilding and 

Peletier [11] [12]. Part of [12] is also concerned with a detailed study of functions 
Q, (x, t) defined above. 

The fact that the dilations in conditions (H) and (**) are performed with 

respect to the origin is not of particular significance. It can be easily verified 

(using the non-negativeness of u0) that conditions (H) and (**) are invariant 

under translation of coordinates. But of course the convergence in (H) or (**) 

may not be uniform with respect to the location of the origin. It can be shown 

that if we require (H) or (**) to hold uniformly with respect to translations of the 

coordinates in R N, then either l = 0 or s = N. In the latter case (H) reads: 

(5) Uo(~(x - Xo) + Xo) ~ l as ~: ~ 
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in ~'(RN), uniformly in xo E R N. It may further be verified that this condition is 

equivalent to 

(6) I BR (Xo) l ' f uo(x)dx --> l as R ---* O0 
.1t3 ,(Xo) 

uniformly in x0 E R N. If l > 0 then it follows easily from Lemma 1.5 that under 

these uniform assumptions on Uo, there exist numbers i and c > 0 such that 

u(x, t) > c for all t > t- and x E R N. Thus in particular u(x, t) becomes a classical 

solution after a finite time. For instance, the solution corresponding to u,,(x)= 
1 + sin x, x ~ R, converges uniformly (in R) to 1, while the convergence to 1 of 

the solution corresponding to the initial data uo(x)= 1 + s i n x  + rio(X) defined 

above is not uniform. 

Asymptotic results of the type stated in Theorem B, the so-called "inter- 

mediate asymptotics", occur frequently in various contexts. We have already 

mentioned the works of Kamin [14] and Friedman and Kamin [5]. See also 

Vazquez [18] for a refinement. Similar estimates are obtained by Kamin and 

Rosenau [15] for the equation of propagation of thermal waves, and Gmira [13] 

for a nonlinear heat equation. For an analogous result when the domain is 

bounded, see [4]. 

w Proofs of Theorem B and Proposition E 

We begin by recalling some facts from [5]. Define uo E LIoc(RN), r => 0, tz => 0: 

II u0ll,.~ = sup P-"I2/"-I'+N' f lUo(X)ldx. 
p ~ r  dlxl<o 

Note that II uolG is decreasing as r increases, so let 

(1.1) l ( u o ,  = II u0G. 

It is established in [5] that when Uo = 0, then l(uo, 1) = 0 if and only if (PM) has a 

global in time solution. Now let r > 0 and /z E [0, 1] and observe 

II no I1,, - sup p -(1-/z)(2/(m-l)+N)p-.(2/(rtl-1)+N) f I U0(X )1 d x  
p>-" JIxl<o 

<= r-~'-~')(2/("-')+N) sup p-~'~2/C"-a)+N) f J Uo(X) [ dx, 
p ~, dlxl<p 

therefore 

(1.2) II uoll,,,--< II uoll,. . 
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In particular if u,, is such that [[ u,, [l~.,, < ~  for some / z E [ 0 , 1 ) ,  then since 

Ilu,,][~.~, =< [t u,[[~., for r >  1. we get f rom ( l . 2 ) t h a t  [lu,,ll,.,--'O as r--->oc, hence 

l(u,,. 1 ) = 0  thus the solution of (PM) is defined for all t > 0 .  

It is easy to see that (H) implies 11 u,, [1~.,. < 0% thus the global t ime existence for 

(PM). For this, suppose (H) holds with some s, suppose s E [0 ,2/ (m - 1 ) +  N),  

and let 

Then  

f 
II u,,ll,.,, = sup o ' |  u, ,(x)dx 

p~I Jlx[<o 

N--~ I 
= sup P u,,(px)dx. 

p>-[ xl<l 

But as p ~ zc, we have 

fx:<, p~ 'u,,(px)dx ~ l fx,<, M( x ) d x  <0% 

hence II u,,ll,.~ < ~ as asserted. 

q-he following lemma establishes an upper  bound for solutions of (PM) 

satisfying II u,, [I,.~ < ~. 

LEMMA 1.1. Suppose [lu,,ll,.~ < 2  for some tz ~[0 ,  I). Let u(x , t )  be the 

solution of (PM), and define s as in (1.3). If l(u0, p . ) > 0 ,  then for any M >  1 

(1.4) II u(. ,  t )ll,_~,,~<~,M,~, <= k2M2~'/("-~'t -~'. 

If t(u,, ~ )  = O, then 

(1.5) [[ u ( . ,  t)[[, =,l~<k3,,, = o(t-~). 

Here we have used the following notation: 

Ot ~--- 
(m - 1)N -/.L [(m - I )N  + 21 = 
(1 - / z ) ( m  - 1)[(m - 1 ) N  + 2 ]  

N - s  
2 + ( m  - 1 ) ( N -  s) ' 

1 1 
/3 - (1 - p.)[(m - 1)N + 21 = 2 + (m - 1)(N - s ) '  

= NlI(m - 1)N + 2]. 

The positive constants k~, k2 and to depend on m, N, tz, and [[ u,,[[~.~ while k3 is 

arbitrary. 
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PROOF. In [4] the following est imate is derived.  If Iluoll,,, < o ~  then for all 

r=>l  

(1.6) j] [ .~( . .X]}  < 2](m-l)j,-A 12A/N , ~)IlL'till<r)= c2r * I] Uo ,3 

provided that t < ct ]] uo]]~,5 ". Here  cl and c2 depend only on m and N. Now on 

the one  hand, we substi tute in (1.6) for  II ,01k, in terms of 1] u,i]t,.~, using (1.2), on 

the o ther  hand we notice that by (1.2), (1.6) will hold in part icular  if 

t < c,[r" uoll , . ] '  

Thus fix M > 1 arbitrarily,  and choose r and t such that 

t = c,M'/Or"-'~'t"-"N+21H uoH',.f, 

which we rewrite as r = k ,Mt  ~. The  condi t ion r ~ 1 implies that t -~ to for  some 

positive constant  to. With this choice (1.6) becomes  

II u ( . ,  t)H, ~,j~j<k,,~:) < c2(klMta)2/tm-I)t -~ [(k~Mt) .-~)(2/(~-~)+~)II Uol]klM:.~'] 2~/N 

(1.7) k2M2V,/(,,,-,)t-a [[ ,2~/m -~ U 0 klMtB,~ �9 

Thus  if / ( u , , , / z ) > 0 ,  we can replace the last term in (1.7) by II uoll,.  to obtain 

(1.4). If l(uo,/Z) = 0 ,  then the last term in (1.7) tends to zero as t---*~, so we 

obtain (1.5). 

REMARK 1.2. Est imate  (1.5) establishes T h e o r e m  B for l = 0  under  the 

weaker  hypothesis  (GAV).  

LEMMA 1.3. ( =  Proposi t ion E(i)) The condition (H) remains invariant for 

positive time. 

PROOF. Let  q~ be a C ~ funct ion with support  in some ball Ix ] < R. Assuming 

for the m omen t  sufficient smoothness  on u(x, t) we have for 0 < tt < t2 

fl u( x,t,)l (x)dx 

= f j<,R u(x, t3] ( ) dx 
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c,.: [.. 1 
Now we apply the estimate (1.67)of [4] f o r / z ' > / z  = s/[2/(m - 1 ) +  N] chosen 

such that t2 < T,,,,(u,) and ~:R _-> r. We obtain 

1;f �9 "" ' ~ "  '~u(x , r )dxdr .  

On the other hand, by the analogue of the estimate (1.8) of [5] for/x', we have 

.v-,,...,,*~lf u(x. rldx <=cllu,,ll...'. 
J~ xp<~R 

Consequently 

f 
I I . [  < cr 2,2 . . . . . t2 , , .~  ,,+N, " 

J, i 

Note that the singularity is integrable and that by taking/x' sufficiently close to 

/~ we can make the exponent of ~c negative. Taking first s c ~ oc then t~ ~ 0 we 

arrive at 

To get rid of the extra regularity assumed of u(x, t) we may replace uo(x) by 

uo(x)+ e lx  I s-N, repeat the argument, and then let e--~0. Here, and implicitly 

everywhere we make use of continuity properties of the semigroup of solutions 
established in [5]. 

LEMMA 1.4. (=  Proposition E (ii)) The condition (GAV) remains invariant 

for positive time. 

PROOF. It is sufficient to show that 

lim f [u(x, t ) -  uo(x)]dx = O. 
R ~  -Jlx!<R 

Suppose that Uo satisfies (GAV). Then for any e > 0 there exist numbers R~(e ) 

and &(e) such that 

R-"fR<,.t<.+8)~ uo(x )dx < e 

for all R > R~(e) and 0 <  6 < &(e). 
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To see this, observe that 

R u,,(x)& = (1 + ~) ' [ (1  + ~ ) R ]  x~,l*~,R 
<lx]<(1 ~ 8)R 

- R ' U~(X )ax JI xl<R 

+[(l+ ~) ~ -IIR ~ u~,(x)dx. 
J~ x!<R 

The first term on the right side can be made small by choosing R sufficiently 

large (by (GAV)) and the second term can be made small by choosing fi 

sufficiently small, also using (GAV). 
Now take a family {q~ ; 6 > 0} of functions in C"([0, ~c)) such that 0 < q~ (z) -<_ I 

for z=>0, q ~ ( z ) = l  f o r z ~ [ 0 , 1 ] , q ~ ( z ) = 0 f o r z > - l + ~ . N o w f i x a n e > 0 a n d  

choose and fix 6 E(0 ,&(e) ) .  Proceeding as in the argument of the previous 

lemma, minus the hypothesis (H), we obtain 

f ~' ~'[u,,(~:x)- u(~x, t)]q~,(x)dx --~0 
xl<l+8 

as sc--*~. Equivalently 

[u,,(x)- u(x,t)]cp~( R ) dX--~O 

as R---* ~. Thus pick R2(e) such that 

I R "f~,<,,~,'R [u~ 

for all R > R2(e). In particular if R >max{Rde),R:(e)} then 

R-' fR u(x,t)dx <=e + R-~ fR u,,(x)dx <_2e. 
<lx[<(l+~)/~ <Ixi<(l+S} R 

Eventually 

I R ~Ix,<R[Uo(X)-U(X,t)]dx I 

as asserted. 

R -~ [uo(x) -  u(x, t)]cp6 -~- dx 
xl<(14 8)R 

_-< e + 4 e  =5e ,  
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The next lemma establishes a lower bound for the solutions of (PM). 

Combined with Lemma 1.1 it shows that u(x, t) behaves like t -~ as t---> ~ when 

l > 0 .  

LEMMA 1.5. Under (GAV) (and hence under (H)) and l>O we have the 
estimate 

u(x, t) >= ksl2~t -~ 

on the ball Ix I< k41t'~-]~t ~ and all t > T, where ot and fl are defined in Lemma 
1.1, k4 and k5 depend only on m, N and s, while T depends on m and Uo. 

PROOF. By a result of P. Sacks recorded in [5] u(x,t) is continuous in 

R N • (0, ~). In view of Lemma 1.3 then we may assume that u0 is continuous. 

According to the Harnack-type estimate in [3] we have 

f Uo(Z)dz  c[R u(x, 1) l+t"-~ <= N+2/(m--l) .~_ 

z - x l < R  

for all solutions of (PM), where R > 0 is arbitrary and c depends only on m and 

N. Let u(x, t) be a solution of (PM). Then wk(x, t) = k~u(kOx, kt) also solves 

(PM) for any k > 0. The important property of this similarity transformation is 

that it leaves the condition (GAV) invariant. Now fix an x E R N, and an R > 0 

such that Ix I<  R/2, observe that the ball Iz I<  R/2 is contained in the ball 

[z - x I < R and apply the Harnack inequality to wk to obtain 

<_ c(R~+~-'~ + 1),+~-,~,.~], wk ( z, O)dz Wk ( X, 
zI<R/2 

or in terms of u(x, t): 

fj k~u~ dz <= c [R N+2'("-') + [k~u(k~x, k)]'+("-l~N/2]. 
zI<R/2 

By a simple change of variables we see that 

fj k~ J Bo(O)I-"~/ Uo(z)dz 
zl<R/2 Jlzl<p 

where we have set p = �89 ~. Thus for sufficiently large/9 we have, using (GAV): 

,N l < 2-'IBR(0) k)V, 

and then rearranging the terms: 

(1.8) [k~u (k~x, k)] '+("-''N/2 _-> 2-~-~c-~ I Bl(0 ) p/NIR" - R N§ 
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Since s E [0, N + 2/(m - 1)) then the right hand side achieves a unique positive 

maximum at/~ = k'd t"-a)~, the value of the maximum is k'sl ~tNtm-l)§ and k~ and 

k~ can be computed explicitly in terms of m, N, and s. Fixing the value of R at/~ 

the condition of p being sufficiently large requires that k is sufficiently large. In 

this way we obtain from (1.8) 

u(k~x,  k)  >-_ ksl2~k -~" 

which holds for k sufficiently large, and Ix I< /~ /2  =�89 tm-~. Renaming k as t 

we arrive at the desired result. 

PROOF OF THEOREM B, part 1, Sufficiency of (H). We utilize again the family 

of similarity solutions of (PM), wk(x, t) = k~  kt), introduced in the proof 

of the lemma above. For some arbitrarily fixed positive R and T we set 

O = BR (0) x (0, T). 

Step I. (Interior estimate) Recalling the definition of the norm I[" [[,,~ in the 

introduction, we have 

II w, ( ., 0) ll.,~ =If uollk,.~ 

which holds for all R > O, k > 1 and/z  E [0, 1]. Using the monotonicity of the 

norm [[. [I,,~, in r we see that for k > 1, 

II wk(., o)11.,. =<11 uoll.,~. 

Together with (1.2) then we have 

II w~ (. ,  o)I1.., =< R -(,-~.)t2/.--,)+m II w~ (. ,  o)I1.,. 

< R --(l--~)[2l(m--l)+N] II U0 II",." 

Using this in (1.6) (applied to wk) we obtain for R > 1 

/./ [ 2A/N w (x, t) <= czt-*R2"/"-')  l[ o R.v 

for all Ix [<  R and 

b/ I I - m  t < c f  -"~t2+N~'-1)l[[ 0 R,,. 

We write this for short: 

(1.9) w(x,t)<=kht -~, [ x [ < R ,  t < T .  

Note that kh, R, and T are independent of k. 

Next we derive a gradient estimate for wk using (1.42) in [5]: 
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fr,r<R I Vwk t )'e+'-'~/212 dx (x, 

1 t)p+m_~dx]. <-cp[ ~ fI~j<2R Wk(X,t)Pdx +'-~ fN<2R W(X, 

Set p = m + 1, proceed as in the proof of proposition 1.6 in [5] to obtain an 
t 2 , t r l  2 estimate for f,~f~f<R[(Wk),] dxdt which is independent of k. These estimates 

provide sufficient compactness to conclude that 

(1.10) wk~ a.e. in Q 

for some sequence k. and for some function q, and q satisfies (PM) in Q in the 

sense of distributions. 

Step II. (Boundary estimate) Here we will establish that 

limfa,--.o ~ q(x,t)~(x)dx = t f,~ A,(x)~(x)dx 

for all q0 E C| N) with support in {I x I < R}. From this and from the fact that q 

satisfies (PM) in ~ ' ( Q )  we will conclude via Theorem U in [5] the uniqueness of 

q in the sense of independence on R and the particular subsequence k, in (1.10). 

For this purpose multiply WE, = AW~' by a function ~ in C~(Q) which vanishes 

near the boundary of Q except on the side t = 0 and obtain, after integrating by 

parts, 

(1.11) Jo T f.~ wk-~t dxdt + fo r f.~ w~Aq~dxdt + f.~ wk(x,O)~(x,O)dx =0.  

The following lemma is used to pass to the limit k ~ o o  in (1.11). 

LEMMA 1.6. Let Q = {Ix [< R} x (0, T) and WE(X, t) a family of measurable 
functions on Q such that as k---* oo 

(i) wk --~ q a.e. in Q,  

(ii) flxl<R wk (x, t)dx <= bl for t ~ [0, t], 

(iii) wk(x, t)<= b2t -~ for t E (0, t), 
where b,, b2, 8 are positive constants independent of k. Suppose that (m - 1)8 < 1 

for some m > 1. Then 

(1.12)  imfoT ,,,< w  dxdt=foT ,x,<Rq' dxdt 
for all test functions ~o as before. 
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REMARK. Under the stronger hypothesis m8 < 1, (1.12) follows immediately 

from (i), (iii), and the Lebesgue dominated convergence theorem. 

PROOF OF THE LEMMA. By the Lebesgue dominated convergence theorem we 

have 

for any e > O. Therefore it is sufficient for our purposes to show that 

(1.13) lim w r~dxdt = 0 
E-.,.O xJ<R 

uniformly in k. For this, choose p > 1 such that (rap - I)8 < I. Then 

fo w'~'~'dxdt<=cf[L< R w~P-~wMxdt 

< cb~ p-~ t -<'~-'8 wMxdt 
.10 xl<R 

Io" <= cb lb~  -1 t-'m"-')"dt 

=< c' < ~, independent of k. 

Since p > 1 then (1.13) follows from the HOlder inequality. 
To apply the lemma to our problem, let us recall that the assumptions (i) and 

(iii) have been established in (1.10) and (1.9), thus identify 8 with A = 

N/[(m - 1)N + 2] which satisfies the requirement (m - 1)A < 1. To verify (ii), we 

first observe that 

wk(0, t + 1)= k~u(O, k( t  + 1)) 

= (t + 1)-~[(t + 1)k]au(0, k(t + 1)) 

which, by 0.4),  is bounded independently of k for all t ~ (0, T). Then by the 

fundamental estimate of Aronson and Cattarelli [3] 

I t)dx <= c[R N+z'"-'~+ wk(0, t + 1) '+c'~-uNa] Wk ( X, 
xr<R 

which establishes hypothesis (ii) of Lemma 1.6. Applying the lemma we pass to 

the limit, as k---)% the nonlinear term in (1.11). 
A similar, but simpler argument justifies the limits of the remaining terms, 

thus we obtain from (1.11), using (H): 
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f, f,~ q ~ + fo ' f.N q"A~odxdt + f.~ lA,(x)~(x,O)dx =O, 

hence q satisfies (PM) in the sense of distribution and takes on the value /A,(x)  

at t = 0 .  

Step III. (Conclusion) By the equicontinuity result of DiBenedet to [8] the 

estimate (iii) in Lemma 1.6 implies that the family { wk (x, t)} is relatively compact 

in the class of continuous functions as long as we stay away from t = 0. Therefore 

we can strengthen the convergence in (1.10) to conclude that 

Iwk(x,t)-q(x,t)l---*O u n i f o r m l y o n [ x l < R  a s k - - - ~ ,  

for all t in [e, T], e > 0. 

So set t = 1, then k = t, to obtain 

It~ Ix l<R 

as t---* ~. Therefore 

t" lu(y , t ) - t  ~ ]yl<Rt ~. 

Finally let's note that t ~q(t ~y, 1)= q (y , t )  to finish the proof. 

PROOF OF THEOREM B, part 2, Necessity of (H). Here we consider a solution 

u(x, t) of (PM) with a nonncgative initial condition in LIo,.(R~). Suppose that for 

some s~ll) ,2/(m- 1)+ N), R > 0 ,  / > 0 ,  we have 

(1.14) !ira sup t ~]u(x,t)-q(x,t)[=O. 
�9 ! x !<Nt~  

Then wc will show that (H) holds. Recall that q, a, and/3 are defined in terms of 

s and l in the introduction of this paper. 

Step I. Letwk(x,t)=k~ kt),k>l,asbefore. ForanyO<r<Tlet 

= {x R" :J x l <  x T). 

Here we show that for any r > 0, T > z, wk converges to q uniformly on O,.r.H as 

(1.15) lim sup Iwk(x,t)-q(x,t)l=O. 
k ~  (x ,OEO,.7;R 

To see this, rewrite (1.14) as 

sup t"lu(x, t)-q(x, t)[<e fort>t(e). 
ix/<Rt n 
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Therefore for any k > 0 we have 

sup (kt~ kt)-q(kOx,  k t )[<e 
[kl~x]<R(kt) Ja 

provided that kt > t(e). Now since k~q(k~x, kt)= q(x,t), we obtain, for all 

t E (z, T), 

sup [wk(x , t ) -q (x , t ) [< T-f--~ 
Ixl<R.c t3 

provided that k > (1/r)t(e), which proves (1.15). 

Step II. For any positive numbers e and r, there exists a positive number 

z(e, r), independent of k, such that 

(1.16) wk(x, t)dxdt < e, 
JO xl<r 

f Tf (1.17) [wk (x, t )]mdxdt < e, 
} x[<r 

for all k _-> 1. We have already proved a close version of these statements in 

(1.13) so we omit the proof here. Essentially an identical argument also shows 

that (1.16) and (1.17) remain true with wk(x, t) replaced with q(x, t). 

Step III. Fix e >O and take z =min{1,z(e,R)}.  For an arbitrary T >  l let 
Qo = QO, T,R, QI = Qo.,.R, Q2 = Q,.v.g. Let ~b E C~(R N) be a function which van- 

ishes in a neighborhood of the boundary of the cylinder Qo, except on the base 

t = 0. Then since wk and q are both weak solutions of (PM) we have 

foo ~t (wk -q )dxd t  + fo,, (AO)(w'~-q")dxdt 

(1.18) f 
+ Ja N qJ(x,O)[wk(x,O)- q(x,O)]dx = O. 

Recalling that Qo = Q~ u Q2, the first two integrals in (1.18) can be estimated 

by a multiple of e by choosing k large and using the results of the previous two 

steps. Hence the last integral tends to zero as k---> oo for each choice of ~O. Let 

q~(x) = ~O(x,0); recall the definition of wk and q to obtain 

lim (q~(x ) [k~uo(k~x)  - IAs(x)]dx = O. 
k ~  JRN 

Let ~ = k ~. Then k '~ = ~N-s, whence (H) follows. 
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REMARK. Note that we assumed a priori that u,,, the initial trace, is a locally 

integrable function. The trace in general is a measure and it has been studied in 

detail in the works of Aronson and Caflarelli [3] and Dahlberg and Kenig [7]. An 

appropriate version of Theorem B can be given in this general case. We do not 

give the details here. 

w A counterexample 

Here we show by means of an example the inadequacy of the average 

condition (AV) to characterize the limiting state of the solutions of (PM). 

Specifically, consider the initial value problem 

u, = (u")~x r e > l ,  

(2.1) 
u(x,0) = {01 when x < 0 ,  

when x > 0. 

The "average" of the initial data, measured in the sense of (AV), clearly exists 

and is equal to �89 However the solution u(x,  t) of (2.1) does not approach �89 as 

t---> 2, contrary to what one may expect based on the experience with the heat 

equation. 

THEOREM 2.1. There exists a constant K,, such that 

(2.2) u(x , t ) - -> K,, ast--->~c 

uniformly on compact  x intervals. Moreover K,, converges to 1 as m ---> + ~c. 

REMARK 2.2. (i) The convergence in (2.2) is in fact stronger. It holds 

uniformly on sets {x ~ R :  t x l <  ct ~} for arbitrary c > 0  and cr El0,�89 
(ii) Note that since u,,(sCx)~ uo(x) for all ~: > 0 then the hypothesis (H) does 

not hold for this u0. 

PROOF. The equation and the initial data in (2.1) are invariant under the 

group of transformations x---> ~x, t ---~2t ,  hence the solution has the form 

u ( x , t ) = f ( x / V - t ) .  A simple calculation reveals that f satisfies the ordinary 

differential equation 

(2.3) ( f " ) "+  �89 = 0, 

(2.4) f (  - oo) = O, f (  + ~) = 1, 

where the prime indicates d/d~l. 

Initial value problems for equation (2.3) have been studied extensively in [lO] 
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and [11] for r / > 0 .  Here we use the invariance with respect to the reflection 

r / - -~- r /  and some estimates of [11] and [12] to study the boundary value 

problem (2.3), (2.4). It follows from a combination of results of these two papers 

that there exists a continuous function f and a constant a > 0 (depcnding on m ) 

such that f(rl)  = 0  for rl ~ - a ,  f(rt)  is monotone and increasing for ~ > - a ,  

f(r/)---~ 1 as 77 ~ + ~, and f solves (2.3) in the sense of distribution ~'(R).  In fact 

f satisfies (2.3) in the classical sense on R - { a }  and ( f " ) ' ( - a ) =  0, however f '  

blows up at - a when m > 2. Here we will need the following estimates, from 

[11], proposition 1, and [12], equation (13): 

m --  I I / (~- I I  

(2.6) f "  +"/2(rt) --<_ f''~'"2(O) + (4m)I "-'(f" )'(0), 7"/> O. 

Now integrate (2.3) on ( - a ,  0)  to obtain 

(f")'(0) - ' f"o - ~ f ( n ) d n .  

In view of the monotonicity of f we then have (f~ )'(O) _-< !af(O). Using (2.5) we 

eliminate a : 

(f~),(O)<2_(,._,)/~( m ),n_f( = ~ O) '~ . , , :  

then using this we eliminate (f")'(O) in (2.6). We thus obtain for all ~7 >0 :  

f(r /)  =< [1 + 2- ' " "  '"2"(m - 1)-'/']-~"'~f(O). 

Letting r/--~ + • and recalling that f ( +  ~c)= 1, we arrive at 

(2.7) f(O) ~ 11 + 2 -|3m I ) / 2 m ( m  - -  1)-1/2] -2/(rrl- l, 

By the monotonicity of f, f (0 )<  1, hence letting m --~*c in (2.7) we see that 

f(o)-~ 1. 
Let f (0 )=  K,,. Since u(x, t)=f(x/X/-t), then for x in compact sets we have 

u(x,t)---~ Km uniformly in x, finishing the proof of the theorem. 

REMArO< Theorem 2.1 shows that the large time limit of u(x,t) is greater 

than ' provided that m is sufficiently large. Since this paper was submitted for 

publication, stronger versions of the theorem have emerged in connection with 

some related work. A comparison argument in Ghosh and Rostamian [10] 

readily shows that K,~ > -~ if m > 3. A more delicate argument due to Bertsch and 

Peletier recorded in Alikakos [1] proves the optimal result km> ~ for all m > 1. 
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ppendix 

P~OOF OF PROPOSITION C. (i) (H) f f  (**). We take a smooth open set f l  CR N 

and we verify (**). In addition to the notation ~:fl introduced in the statement of 

Proposition C, we also associate with fl  a family of nested open sets {f~, �9 6 E R} 
with the following properties: 

(a) ~ = fl, 

(b) fl, Cl~vif 6 < 6 ' ,  
(c) Il l ,  [ / [ l l [ ~ l  as 8--->0. 

Here [~8[ denotes the measure of the set l-l,. 

Fix a 8 > 0  and define r E Co(R N) such that 0 =  < •-8 < 1, r  = 1 when 

x E ~_,, q~_, (x) = 0 when x E R N - fl. Now for any s r > 0 we have 

l al,'Nl .o(x)ex=lal" ( Uo( ~X )dX 
.1~0 .Jtl 

>--r nl-'"fo C-'Uo(~xl~_~(xldx. 

Let ~:--* ~, use (H) to obtain 

liminfJ~gf~j-"Nfe uo(x)dx>=}f~}-'m fn A,(x)dx. 

Essentially the same computation with r gives: 

limsup I f l l  -~/~ ( Uo(x)dx <-_l l)[ -'IN fn A, (x)dx. 

As 6---* 0, the integrals on the right hand side tend to fnA,(x)dx, whence (**) 

follows. 

(ii) (**) VI) ~ (H). Here we assume that (**) holds for all I ) C R  N and we 

verify (H). It is convenient to introduce the notation 

R(~:,II, f) = [ ~I)I--'/N fe n f(x)dx 

= [l-II-"~'fn !ff-'f(~x)dx. 

Thus (**) reads 

!im R (~r EL uo) = IR (1,1~, A,). 
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and partition 1"1 into a finite, disjoint union of subsets II 

<= el + e 2 I fl' I'- N (x,) + e I lq I"NR (~, II, u0) 
i=1 

provided that s c > M(e). This finishes the proof. 

Ira lAs(x)~(x)dx-fn ~N-'u~ 

Take x, in 1~1', i = 1,2 . . . . .  n, in such a way that 

(a) I ~, A,(x),p(x)dx-~ ,p(x,) f,. A~(x)dx <e. 

(b) sup I~(x)-~(x,)l<e, Vi. 
xEII' 

(c) Choose M(e) such that (using (**)) 

[R(#,fr, u,,)-lR(1,ff, A~)l<e if ~ > M(e) ,  Vi. 

Now we write down a chain of inequalities and finally combine them. From (a) 
we have 

Now using (c), and taking s c > M(e) :  

,-, ~ ,r I R(~:,a, u,,) 

(A.2) n 

< e Z  la' I~'%(x,). 

Next, recall the definition of R, and use (b) to get 

(A.3) =l~__l~a,[q~(xi)-q~(x)]~N-SUo(~sx)dx I 

f[  N-s <=e ~ Uo(~x)dx=~lal"NR(~,a, Uo). 
1 

Combine (A.1), (A.2) and (A.3) to get 
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PROOF OF PROPOSITION D. We assume that Uo is radial, i.e., 

u . ( x ) = I ( r ) ,  r = ( x { + - - -  + xL,)'-" 

for some function ]'. Using (GAV) we obtain (H). For this, fix any c2 > c, > O. A 

straightforward computation shows that 

s ~N-, f(~r)r~,-,dr = 

(A.4) 

N JB,(O)I ~-'/N I Ur .~1~,<-. uo(x)dx 

c~ (o)_.N[ NI B,(O) I,_,,N Bqe aN<qe  u,,(x)dx 

(c ~ -  c'Ol 
a s  ~ ----~ oc 

N t B,(O)] ~-~ ; ' `  

by (GAV). Now take a test function q~ E C,(RN). Without loss of generality 

assume that q~ is supported in B~(0). Take an arbitrary positive integer n and let 

rk = k/n,  k = 1,2 . . . . .  n. Introduce spherical coordinates (r,O) in R N and 

compute 

f 
Uo(~X )~o(x )dx 

= ~N-s rN-'[(~r) q~(r,O)dOdr. 
k = l  k - I  I(O) 

By the mean value theorem there are numbers r l  in the interval (r~_,, rk) such 

that 

I = s s r  r"-~f(~r)dr. 
k = l  I (  O] k I 

Using (A.4) we conclude that 

~ l i m I = N r B , (  )I rk ~ ( r L O ) d |  ( r~ - r~- , l .  
k=l L dSt(O) 

Passing to the limit as r--+ oo and noting that ( r ~ -  r~_~)/(rk - rk-.~)- sr*/-~ tends to 

zero, we arrive at 

as required. 

f o ' f r  ] l i m I =  sl r '~-' r "-N r O)d |  dr 
~ N I B,(O)1 I-'/N t js,(o, 

= f~N q~(x)As(x)dx 
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