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ON THE UNIFORMIZATION OF
THE SOLUTIONS OF THE
POROUS MEDIUM EQUATION IN R""

BY
NICHOLAS D. ALIKAKOS AND ROUBEN ROSTAMIAN

ABSTRACT

The asymptotics of the solution of the porous medium equation are related to
the size of the initial data measured in an optimal way. The universality of the
separable solutions is established. Finally an interesting difference with the heat
equation is pointed out.

In this paper we are concerned with the asymptotic behavior as t— o of
solutions of the porous medium equation with nonnegative, nonintegrable initial
data:

ou _ -
E—A(u ), m>1,

PM ,
(PM) u(x,0)=uy(x)=0, uo € Li(R™).

It is helpful for the understanding of the various hypotheses involved to begin by
describing the corresponding problem for the heat equation

u_
Pyl Au,

(HE) u(x,0)=u(x)=0,  usE Lin(R").

It is shown in [17] that the solution u(x, t) of (HE) stabilizes to some number aq,
Le.

limu(x,t)=a  foreachx in R"

if and only if u, satisfies
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(AV) lim lB,(O)l“j| | Us(x)dx = a.

re x|<r
In contrast, the counterexample in Section 2 of this paper shows that for
solutions of the porous medium equation (PM) the hypothesis (AV) alone does
not imply convergence of u(x, t)to the “average’ a in any sense. To remedy this
situation we introduce an alternative method of measurement of the average via
the condition

*) limu(éx)=a, ¢(ER

which is to be understood in the sense of distributions @'(R"). We then have
ProrosiTiON A, Let u(x,t) be a solution of (PM). Then
limu(x,1)=a
uniformly on the expanding sets {x ER" : | x| < Ct'?}, if and only if (*) holds.

This is a special case of the more general Theorem B below. Let’s point out
here that (*) implies, but is not implied by, (AV). See the remark following
Proposition C. The function uy(x)=1+sgn(x), x ER, for instance satisfies
(AV) with a =1, but (*) does not hold. The computation in Section 2 confirms
that u(x,t)-41 as t—>x. On the other hand the function uo(x)=
1+sinx + i(x),

n when n’-1<x<n® (n=1,2,3,...)
u(x)={

0 otherwise

oscillates, grows at infinity, and satisfies (¥*) with a =1, hence Proposition A
applics.

The generalization of Proposition A that we have in mind corresponds to
modifying (AV) so that it reads

(GAV) lim | B.(0) ]“’Nfl | uo(x)dx =1

for some s = 0. The exponent s is a measure of the rate of growth or decay of
uo(x) as | x |—>c. In this context an important role is played by the family of
functions A,, s >0 defined by

As(x)= x ER" —{0}.

N
NTBOT ™
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Passing to the limit at s = 0 we also define Aq(x) = 8(x) = Dirac’s delta function.
By the existence theorem of [5] for each s €[0,2/(m —1)+ N) the porous
medium equation has a unique solution Q,(x, t) defined for all ¢t > 0 correspond-
ing to the initial data A,(x). Thus q(x,t)=[Q;(x, " 't) solves (PM) with the
initial data A, (x) for any I > 0. The functions q(x, t) have a universal nature in
the sense that they approximate solutions of (PM) for a large class of initial data.
Specifically, suppose that u,€ L. (RY), uo=0, and that there exists an
s €[0,2/(m —1)+ N) and an [ =0 such that

(H) " up(gx) > IA(x)  asg—oe
in the sense of distributions 2'(R"). Then we have:

THEOREM B. Let u(x,t) be a solution of (PM). Then
lim ¢° [u(x,t)—q(xt)]=0

uniformly on the expanding sets {x €R" : | x | < Ct*}, if and only if (H) holds.
Here C is an arbitrary positive constant and

_ N-s _ 1
=T m-D(N-5 PTrrm-DIN=s)

(43

Observe that if u, is such that s = N, then (H) reduces to (*) with [ = a. In this
case q(x,t)=a, a =0, B =3, hence Proposition A is obtained. On the other
hand, if uo &€ L'(R"), then (H) holds with s =0 and ! = [&~ ue(x )dx. In this case
q(x,t) is the Barenblatt solution corresponding to the initial data [8(x ), thus we
capture in particular the result of Friedman and Kamin [14] and Kamin [9}.

The meaning of condition (H) is brought out in the following proposition.

PrROPOSITION C. A function uo € Loo(R"), o= 0, satisfies (H) if and only if
(%) lim ]§Q[75/NJ’ uo(x)dx = llQI*S/NJ A (x)dx
[3maet £Q Q

for all measurable sets QL CR". Here £Q) denotes the dilation of Q by a factor of €,
with respect to the origin; £Q = {& 1 x € Q).

REMARKs. (i) In the special case s = N, (x*) reads

fim [ €01 | wox)dx =

for all Q CR", whence it follows that (x) implies (AV).
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(1) Taking Q= B,(0) in (*x) we see that (H) implies (GAV).
(iii) When u, is spherically symmetric (radial) then it suffices to test (¥*) with
balls centered at the origin:

ProposITION D. If uy is radial then (GAV) and (H) are equivalent.

Then significance of the conditions (H) and (GAV) stems from the fact that
they describe conserved quantities under (PM):

ProrosiTioN E. (i) If u, satisfies (H) then the corresponding solution of (PM)
satisfies for each t >0:

Eu(éx, )—> IA(x)  asé— o
in 9'(R™).
(ii) If uo satisfies (GAV), then the corresponding solution of (PM) satisfies for
each t >0:
| B.(0)| ”Nf u(x, t)dx — |

Ixl<r

asr—wx,

Proposition E and Theorem B are proved in Section 1. Propositions C and D
are proved in the Appendix and Proposition A is a special case of Theorem B.

The basic tools in our proof of Theorem B are the estimates obtained by
Benilan, Crandall and Pierre [5], as well as the existence and uniqueness
statements in that work.

In case s = 0 the initial data for g(x, t) is a distribution so for uniqueness we
refer to Pierre [16]. The lower bound estimate in Lemma 1.5 uses in an essential
way the Harnack type inequality of Aronson and Caffarelli [3]. An alternative
proof, via comparison, is given by Alikakos and Rostamian [2]. The computa-
tions for the counterexample in Section 2 depend on the work of Gilding and
Peletier [11] [12]. Part of [12] is also concerned with a detailed study of functions
Q; (x, t) defined above.

The fact that the dilations in conditions (H) and (**) are performed with
respect to the origin is not of particular significance. It can be easily verified
(using the non-negativeness of u,) that conditions (H) and (**) are invariant
under translation of coordinates. But of course the convergence in (H) or (+*)
may not be uniform with respect to the location of the origin. It can be shown
that if we require (H) or (¥*) to hold uniformly with respect to translations of the
coordinates in R", then either | =0 or s = N. In the latter case (H) reads:

5) Uo(&(x — Xo) + x0)— | as ¢
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in @'(R"), uniformly in x, € R". It may further be verified that this condition is
equivalent to

6) | B (x0)|™ L( | u(x)dx >1  asR—»

uniformly in x, € R™. If / >0 then it follows easily from Lemma 1.5 that under
these uniform assumptions on uo, there exist numbers ¢ and ¢ >0 such that
u(x,t)>c forall t > t and x €R". Thus in particular u(x, t) becomes a classical
solution after a finite time. For instance, the solution corresponding to uy(x)=
1+sinx, x €R, converges uniformly (in R) to 1, while the convergence to 1 of
the solution corresponding to the initial data ue(x)=1+sinx + #e(x) defined
above is not uniform.

Asymptotic results of the type stated in Theorem B, the so-called “inter-
mediate asymptotics”, occur frequently in various contexts. We have already
mentioned the works of Kamin [14] and Friedman and Kamin [5]. See also
Vazquez [18] for a refinement. Similar estimates are obtained by Kamin and
Rosenau [15] for the equation of propagation of thermal waves, and Gmira [13]
for a nonlinear heat equation. For an analogous result when the domain is
bounded, see [4].

§1. Proofs of Theorem B and Proposition E

We begin by recalling some facts from [5]. Define uo € Lio(R"), r =0, u = 0:

ol =5upp ™2 [ o).
pzr Ix]<p

Note that || u,

ru 1S decreasing as r increases, so let

npe

(1 o, ) =lim | o]

It is established in [5] that when uo = 0, then [(uo, 1) = 0 if and only if (PM) has a
global in time solution. Now let r >0 and u €0, 1] and observe

o]l = sup p

pEr

“(1—#)(2/(m-1)+N)p —u@/(m-1)+N) J

| uo(x)| dx
I<p

|x

—(1-p)2/m—1)+N —p(2/(m—
<r (I—p)2/(m—-1)+ )supp r2/(m 1)+N)j I uo(x)ldx,
pr |xl<p

therefore

(12) [ sofls = 07D o
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In particular if u, is such that |u.f,. < for some wu €[0,1), then since
ol =l talli. for r>1, we get from (1.2) that || uofl..—0 as r— o, hence
[(uy. 1) =0 thus the solution of (PM) is defined for all ¢t >0.

It is easy to sce that (H) implies || u, |},. <, thus the global time existence for
(PM). For this, suppose (H) holds with some s, suppose s €[0,2/(m — 1)+ N),
and let

(1.3) #=/%m{ﬁN)

Then

“ uu“L“ =Ssupp ‘j[ uo(x)dx
x|<p

supp™* f uo(px )dx.
p=l |x|<1

But as p — =, we have

J p" uolpx)dx — lf As(x)dx <o,
o<l |xl<1

hence || uo i, <= as asserted.

The following lemma cstablishes an upper bound for solutions of (PM)
satisfying || tol],. <.

Lemma 1.1. Suppose ||uoli,. <> for some u €[0,1). Let u(x,t) be the
solution of (PM), and define s as in (1.3). If I(uo, u)>0, then for any M > 1

(1.4) ey ) llemonran sy = ko MP#70L7,
If H{uo,pu)=0, then

(1.5) (e ) flemguicssy = 0 (7).
Here we have used the following notation:

_(m=DN-ul(m-1D)N+2] _ N-s
T U= (m-—D[(m-1)N+2] 2+(m-1)(N—-3s)"

_ 1 _ 1
B=—wm-DNT2] 2+m-D(N-s3)"

A =N/[(m—-1N+2].

The positive constants k., k, and t, depend on m, N, p, and || uy||:.. while ks is
arbitrary.
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PrOOF. In [4] the following estimate is derived. If || uo[. <o°, then for all

rzl

(1.6) s Ollmgaien S 2™ 2 a2

provided that t < ¢, || uo[:™. Here ¢, and c; depend only on m and N. Now on
the one hand, we substitute in (1.6) for || uo{,, in terms of || o[ using (1.2), on
the other hand we notice that by (1.2), (1.6) will hold in particular if

"“]1 m‘

Thus fix M > 1 arbitrarily, and choose r and t such that

t< Cl[f“ M)(Zl(m—l)+N)|( Uo

[ = ClMI/Br(l—u)[(m ~N+2] ” uolll—m

| TR

which we rewrite as r = k,Mt”. The condition r = 1 implies that t = t, for some
positive constant f,. With this choice (1.6) becomes

ey e guten,mmy = ks M YD [ (e MY 20 g [ aen o T2
1.7

= kM0 o e

Thus if {(uo, )>0, we can replace the last term in (1.7) by || uoli. to obtain
(1.4). If {(uo, ) =0, then the last term in (1.7) tends to zero as t —x, so we
obtain (1.5).

RemaRk 1.2. Estimate (1.5) establishes Theorem B for /=0 under the
weaker hypothesis (GAV).

Lemma 1.3. (= Proposition E(i)) The condition (H) remains invariant for
positive time.

PrOOF. Let ¢ be a C™ function with support in some ball | x | < R. Assuming
for the moment sufficient smoothness on u(x,t) we have for 0<t, <t

Ié = J;xI<R §N_S[u(§x, tz)— u(gxa tl)]@(X)dx

X

=¢] e ule(F) dx

=¢ Jx|<§R J‘: U (x, )¢ (-g) drdx
] [ s

& jl eer [ :2 u"(x, 7)A¢(

) drdx

A R N P

) drdx.
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Therefore

PEraNk [ Ollrdicen [ wtamydude].

Jx|<¢R

Now we apply the estimate (1.67) of [4] for ' > u = s/[2/(m — 1)+ N} chosen
such that 1, < T,,(uy) and éR =r. We obtain

£
lI€I§C§.542o2;&’J j T A{m '”u(x,f)dxd’r.
n Ixl<gR

On the other hand, by the analogue of the estimate (1.8) of [5] for u’, we have

g w2/0m .1)+N|j u(x, 'r)dx <c ” Uolfryer
Ixl<£R

Consequently
(I§!56§ s 2&2“‘+“‘[Zl(m——l)+N]J“)T Aom 1) g
Note that the singularity is integrable and that by taking ' sufficiently close to
1 we can make the exponent of ¢ negative. Taking first £ —x then #,— 0 we
arrive at

={.

lim

£—x

J:x{<R fN S[u()(gx)—u(gx’t)]w(x)dx

To get rid of the extra regularity assumed of u(x,t) we may replace uy(x) by
us(x)+ & | x|"™", repeat the argument, and then let ¢ —0. Here, and implicitly
everywhere we make use of continuity properties of the semigroup of solutions
established in [5].

LeMMA 1.4. (= Proposition E (ii)) The condition (GAV) remains invariant
for positive time.

Proor. It is sufficient to show that

lim [u(x, t)— uo(x)]dx =0.

R—= Jixl<R

Suppose that u, satisfies (GAV). Then for any ¢ > () there exist numbers R,(¢)
and 68,(¢) such that

R o j u()(x )dx <€
R<x|<(1+8)R

for all R > R(g) and 0 <8 < 8.(¢).
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To see this, observe that

R™ uo(x)dx = (1+8)'[(1 +5)R]'-‘f| uo(x )dx

R<|xl<(1+8)R |<(1+8)R

-R [ u(x)dx
|x|<R

HO+oy IR [ o

The first term on the right side can be made small by choosing R sufficiently
large (by (GAV)) and the second term can be made small by choosing &
sufficiently small, also using (GAV).

Now take a family {¢; ; § > 0} of functions in C™([0,=)) such that 0 = ¢5(2) = |
for =0, s(z)=1for z €[0,1], ¢s(z)=0for z =21+ 8. Now fix an £ >0 and
choose and fix 8 €(0, 8,(¢)). Proceeding as in the argument of the previous
lemma, minus the hypothesis (H), we obtain

f|x|<l+a §‘ N[u(](gx) - u(§x, t)](ps (X )dx —>()

as ¢ — . Equivalently

R™® [u“(x)—u(x,t)]%(%)dx—m

|x}<(1+8)R

as R — . Thus pick R;(¢) such that

<€

’R SJ'. : [uu(x)—u(x,t)]qo,;(%)dx

Ix|<(1+8)R

for all R > Ry(¢). In particular if R > max{R(¢), R:(¢)} then

R"‘f u(x,t)dx =¢+R"™ uo(x)dx =2e.
R<|x|<(1+8)R

R<ixi<(l1+8)R

Eventually

]R ’JLI(R [uo(x) — u(x, t)jdx

= ‘ R”fmqmm [uo(x)— u(x, t)]cp,;(%) dx

+‘R“j [un(x)—u(x,t)]qoﬁ(%)dx
R<|x|<(1+8)R

= ¢ +4¢ =5¢,

as asserted.
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The next lemma establishes a lower bound for the solutions of (PM).
Combined with Lemma 1.1 it shows that u(x, t) behaves like ¢t as t —« when
[>0.

LeEMMA 1.5. Under (GAV) (and hence under (H)) and | >0 we have the
estimate

u(x, t)= ksl

on the ball | x | < ko™ ""’t® and all t > T, where a and 8 are defined in Lemma
1.1, ks and ks depend only on m, N and s, while T depends on m and u,.

ProOOF. By a result of P. Sacks recorded in [5] u(x,t) is continuous in
R" x (0,). In view of Lemma 1.3 then we may assume that u, is continuous.
According to the Harnack-type estimate in [3] we have

[ we)dz = R iz, 1y

for all solutions of (PM), where R >0 is arbitrary and ¢ depends only on m and
N. Let u(x,t) be a solution of (PM). Then wi(x, t) = k*u(k’x, kt) also solves
(PM) for any k > 0. The important property of this similarity transformation is
that it leaves the condition (GAV) invariant. Now fix an x €R", and an R >0
such that | x | < R/2, observe that the ball | z|< R/2 is contained in the ball
|z —x|<R and apply the Harnack inequality to w, to obtain

f Wk(Z,O)dZ é C(RN+2/(m—1)+ Wk(x, 1)]+(m—1)N/2]’
lzl<R/2
or in terms of u(x,1t):

J; , kuo(kfz)dz = c[R¥*" D+ [k u(k®x, k)] " N7].
z|<R/2

By a simple change of variables we see that

Br (0)["™ | B,(0)

I k“uo(kBZ )dZ =27° —s/Nf uo(z )dZ

|z]<R/2 i<h

where we have set p = 3Rk®. Thus for sufficiently large p we have, using (GAV):
27 l Br (0) IS/NEI =c [R N+2afm=1) ¢ [k “y (k BX, k)]1+(m_1)N/2]

and then rearranging the terms:

(1.8) [k“u(k®x, k)] ON2 = 2777 By(0)['MIR® — RN"m—D,
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Since s € [0, N +2/(m ~ 1)) then the right hand side achieves a unique positive
maximum at R = k41", the value of the maximum is k4/*™¥"~"*¥ and k/ and
k% can be computed explicitly in terms of m, N, and s. Fixing the value of R at R
the condition of p being sufficiently large requires that k is sufficiently large. In
this way we obtain from (1.8)

u(k®x, k)= ksI*’k ™
which holds for k sufficiently large, and | x | < R/2 =3ki1"""%. Renaming k as ¢

we arrive at the desired result.

PrOOF OF THEOREM B, part 1, Sufficiency of (H). We utilize again the family
of similarity solutions of (PM), wi(x, t) = k°u(k"x, kt), introduced in the proof
of the lemma above. For some arbitrarily fixed positive R and T we set
Q = Br(0)x (0, T).

Step I (Interior estimate) Recalling the definition of the norm |- |, in the
introduction, we have

| wie(+, O)HR.;L = ” Uo||ker,u

which holds for all R >0, k >1 and u €[0,1]. Using the monotonicity of the
norm |+ |.. in r we see that for k >1,

Twie (-, 0) e =1 a0l
Together with (1.2) then we have
[wic(,0)llra = R™ ™ wie (-, 0) |r.s

< ROy

Using this in (1.6) (applied to wi) we obtain for R >1
w(x, 1) = cot *R*MD Ly RV
for all |x|< R and
D I 5

We write this for short:
1.9) wx,)=kest™, |x|<R, t<T

Note that ke, R, and T are independent of k.
Next we derive a gradient estimate for w, using (1.42) in [5]:
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Ix]<R

écp[lj wi (x, 1) dx +LZJ‘ w(x,t)’”’""'dx].
t |x|<2R R |x|<2R

Set p =m +1, proceed as in the proof of proposition 1.6 in [5] to obtain an
estimate for [7 f<r[(wi).dxdt which is independent of k. These estimates
provide sufficient compactness to conclude that

(1.10) wi, (X, 1) q(x, 1) a.e.in Q

for some sequence k, and for some function g, and g satisfies (PM) in Q in the
sense of distributions.

Step II. (Boundary estimate) Here we will establish that
lim J’ g(x, t)e(x)dx = ij A, (x)e(x)dx
1—0 JgN RN

for all ¢ € C*(R") with support in {| x | < R}. From this and from the fact that q
satisfies (PM) in 2'(Q) we will conclude via Theorem U in [5] the uniqueness of
q in the sense of independence on R and the particular subsequence k, in (1.10).
For this purpose multiply wi., = Awy by a function ¢ in C*(Q) which vanishes
near the boundary of Q except on the side ¢ = 0 and obtain, after integrating by
parts,

T T
1.11) ,L LN wk%t“-’ dxds + L L~ wrAedxdt + L~ we (x, 0)¢ (x, 0)dx = 0.

The following lemma is used to pass to the limit k — in (1.11).

LemMA 1.6. Let Q ={|x|<R}x(0,T) and wi(x,t) a family of measurable
functions on Q such that as k —

(1) wi—>q a.e. in Q,

({1) fu<rwi(x, )dx b, for t €[0,1],

(i) wi(x, )= bot™® for t €(0,1),
where b,, b,, & are positive constants independent of k. Suppose that (m —1)6 <1
for some m > 1. Then

T T
(1.12) limf J’ wredxdt =f f q " edxdt
k== Jo Jixl<r o Jixl<r

for all test functions ¢ as before.



282 N. D. ALIKAKOS AND R. ROSTAMIAN Ist. J. Math.
REMARK. Under the stronger hypothesis mé <1, (1.12) follows immediately
from (i), (iii), and the Lebesgue dominated convergence theorem.

PROOF OF THE LEMMA. By the Lebesgue dominated convergence theorem we
have

T T
lim j f w i pdxdt =j j q " dxdt
k—wo J |x|[<R e x|<R

for any £ > 0. Therefore it is sufficient for our purposes to show that

1.13 li JJ vodxdt =
(1.13) lim o Juen wredxdt =0
uniformly in k. For this, choose p >1 such that (mp —1)8 <1. Then

T
f witedxdt = c f J wir ' wedxdt
Q Q

|xl<R

T
< cbé"""'j

0

t_(”_l)af widxdt
jx|<R

T
§cb1b;""“f e gy
1]

=c'<», independent of k.

Since p >1 then (1.13) follows from the Holder inequality.

To apply the lemma to our problem, let us recall that the assumptions (i) and
(ili) have been established in (1.10) and (1.9), thus identify & with A =
N/[(m —1)N + 2] which satisfies the requirement (m — 1)A < 1. To verify (ii), we
first observe that

wi (0, +1)=ku(0, k(r+1))
=@+ 1) [(t+ Dk u(0, k(t +1))

which, by (1.4), is bounded independently of k for all t €(0, T). Then by the
fundamental estimate of Aronson and Caffarelli [3]

Jlka Wi (X, t)dx = C[R N+2ftm=1) 4 Wi (0, [+ 1)l+(m—|)N/2]

which establishes hypothesis (ii) of Lemma 1.6. Applying the lemma we pass to
the limit, as k — », the nonlinear term in (1.11).

A similar, but simpler argument justifies the limits of the remaining terms,
thus we obtain from (1.11), using (H):
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T T
f f ¢ 28 dxdi +f f q" Apdxdt +f IA(X)e (x, 0)dx =0,
o Jrv T Ot o JRM RN
hence q satisfies (PM) in the sense of distribution and takes on the value [A,(x)
at t =0.

Step 111. (Conclusion) By the equicontinuity result of DiBenedetto [8] the
estimate (iii) in Lemma 1.6 implies that the family {wi (x, t)} is relatively compact
in the class of continuous functions as long as we stay away from ¢ = (. Therefore
we can strengthen the convergence in (1.10) to conclude that

[we(x,t)—q(x,t)|—>0 uniformlyon|x|<R ask—x,
foralltin{e, T, e >0.
So set ¢+ =1, then k =1, to obtain
[tu(t®x, t)—q(x,1)|—0, |x|<R
as t — x. Therefore
" July, )= 1 °q(t7y, )]0, Jy[<Rr.
Finally let’s note that ¢ “q(t "y, 1) =q(y, ¢} to finish the proof.

ProoF OF THEOREM B, part 2, Necessity of (H). Here we consider a solution
u(x, 1) of (PM) with a nonncgative initial condition in L..(R"). Suppose that for
some s €10,2/(m —1)+ N), R>0, | >(, we have

(1.14) lim sup ¢ lu(x,t)—q(x, )| =0.

e e Ry

Then we will show that (H) holds. Recall that g, «, and B are defined in terms of
s and ! in the introduction of this paper.

Step I. Let wi(x,t)= k“u(k"x, kt), k > 1, as before. Forany 0 = 7 < T let
Q.rr ={x €R" le | < Rr*} X(r, T).

Here we show that for any 1 >0, T > 7, wi converges to q uniformly on Q. 7« as

k —x:

(1.15) lim sup |wi(x,t)—q(x,1)|=0.

k—x (x3)EQ, 7.8

To see this, rewrite (1.14) as

supst"lu(x,t)~q(x,t)[<£ fort > t(¢).

X< Rt
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Therefore for any k >0 we have

sup  (kt*)| u(k®x, kt)— q(k’x, kt)|< e

|k Px|<R (kt)?

provided that kt > t(g). Now since k°q(k”x, kt)=q(x,t), we obtain, for all
te(r, T),

sup [wi(x, t)—q(x, )| < ;a

|x|<R~T
provided that k > (1/1)t(¢e), which proves (1.15).

Step I1. For any positive numbers ¢ and r, there exists a positive number
7(¢, r), independent of k, such that

T(e.r)
(1.16) f fll wi (x, t)dxdt <,

(1.17) ﬁ fm« [we(x, 0)]"dxdt < e,

for all k = 1. We have already proved a close version of these statements in
(1.13) so we omit the proof here. Essentially an identical argument also shows
that (1.16) and (1.17) remain true with wi(x, t) replaced with q(x,t).

Step III. Fix £ >0 and take 7 = min{l, v(¢, R)}. For an arbitrary T >1 let
Qo= Qorr, Q1= Qu.r, Q2= Q.1r. Let ¢ € C*(R") be a function which van-
ishes in a neighborhood of the boundary of the cylinder Q,, except on the base
t =0. Then since wi and g are both weak solutions of (PM) we have

J’o %%(W" —q)dxdt+Jo (AY)(wi —q™)dxdt
(1.18)
+fN ¥ (x, 0)[ we (x,0)— q(x,0)]dx =0.

Recalling that Qo = Q. U Q,, the first two integrals in (1.18) can be estimated
by a multiple of ¢ by choosing k large and using the results of the previous two
steps. Hence the last integral tends to zero as k — « for each choice of ¢. Let
¢ (x)=y(x,0); recall the definition of wx and g to obtain

l‘L“f @ () [k“us(k®x) = 1A, (x)}dx = 0.

Let £ = k®. Then k* = ¢V, whence (H) follows.
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REMARK. Note that we assumed a priori that u,, the initial trace, is a Jocally
integrable function. The trace in general is a measure and it has been studied in
detail in the works of Aronson and Caffarelli [3] and Dahlberg and Kenig [7]. An
appropriate version of Theorem B can be given in this general case. We do not
give the details here.

§2. A counterexample

Here we show by means of an example the inadequacy of the average
condition (AV) to characterize the limiting state of the solutions of (PM).
Specifically, consider the initial value problem

= {u" ) m>1,
ey 0 when x <0,
u(x,0) =
1 when x >0.

The ‘“average” of the initial data, measured in the sense of (AV), clearly exists
and is equal to 3. However the solution u(x, t) of (2.1) does not approach : as
t — o, contrary to what one may expect based on the experience with the heat
equation.

THEOREM 2.1. There exists a constant K. such that
(2.2) U(x, )= Kum ast—x
uniformly on compact x intervals. Moreover kn converges to 1 as m —+x.

REMARK 2.2. (i) The convergence in (2.2) is in fact stronger. It holds
uniformly on sets {x ER:|x | < ct”} for arbitrary ¢ >0 and o €[0,3).

(i) Note that since us(éx)= uo(x) for all £ >0 then the hypothesis (H) does
not hold for this u.

Proor. The equation and the initial data in (2.1) are invariant under the
group of transformations x — £x, t— ¢°t, hence the solution has the form
u(x,t)=f(x/\/-t). A simple calculation reveals that f satisfies the ordinary
differential equation

23) (f"Y +inf =0,
(2.4) fl=®)=0,  f(+=)=1,

where the prime indicates d/dn.
Initial value problems for equation (2.3) have been studied extensively in [10]
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and [11] for 5 > 0. Here we use the invariance with respect to the reflection
17— — 7 and some estimates of [11] and [12] to study the boundary value
problem (2.3), (2.4). 1t follows from a combination of results of these two papers
that there exists a continuous function f and a constant a >0 (depending on m)
such that f(n)=0 for n = ~ a, f(n) is monotone and increasing for n > —aq,
f(n)—1as n—+x,and f solves (2.3) in the sense of distribution 2'(R). In fact
f satisfies (2.3) in the classical sense on R—{a} and (f")'(—a) =0, however f’
blows up at —a when m > 2. Here we will need the following estimates, from
[11], proposition 1, and [12], equation (13):

4\ Wm=D)
2.5) Qi ("’Tm—‘) a?" b < §(0),
6) Fe o) S F O + (AmY TYO), 0.

Now integrate (2.3) on {—a,0) to obtain
YO =4[ fmyan

In view of the monotonicity of f we then have (f™)(0) = iaf (0). Using (2.5) we
eliminate a:

gryo=2n () oy,

then using this we eliminate (f™)'(0) in (2.6). We thus obtain for all n > 0:
f)=[1+27% 2% m — 1) (0).

Letting n — + % and recalling that f(+x=)=1, we arrive at

(2.7) fO)=[1+275" "Prm — 1),

By the monotonicity of f, f(0)< 1, hence letting m — = in (2.7) we see that
fO)—1.

Let f(0)= k... Since u(x,t)=f(x/\/_t), then for x in compact sets we have
u(x,t)— km uniformly in x, finishing the proof of the theorem.

REMARK.  Theorem 2.1 shows that the large time limit of u(x, 1) is greater
than ; provided that m is sufficiently large. Since this paper was submitted for
publication, stronger versions of the theorem have cmerged in connection with
some related work. A comparison argument in Ghosh and Rostamian [10]
readily shows that k. >3 if m > 3. A more delicate argument due to Bertsch and
Peletier recorded in Alikakos [1] proves the optimal result k.. >3 for all m > 1.
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ppendix

PRrOOF ofF PropostTioN C. (i) (H) & (**). We take a smooth open set Q CR"
and we verify (*xx). In addition to the notation £{2 introduced in the statement of
Proposition C, we also associate with () a family of nested open sets {{); : § ER}
with the following properties:

(@) Q=1,

(b) QsC Qs if 5 <5,

© |Qs|/]Q]—1as §—0.

Here | Qs | denotes the measure of the set €.

Fix a 6 >0 and define ¢_s € C5(R") such that 0= ¢_s =1, ¢_s(x) =1 when

x €0 @_s(x)=0 when x ERY — . Now for any £ >0 we have

I §Q |_S/Nf u()(x)dx = IQ
£Q

_”NJ'“ EN*ug(£x)dx
2101 [ & u(en)e-u(x)dx
Let £ > =, use (H) to obtain
Jim inf FIV J;n uo(x)dx = | Q| Jn_, As(x)dx.
Essentially the same computation with ¢, gives:
lim sup IQI"”’NLn us(x)dx = Q" fn, AL (x)dx.

As 8 —0, the integrals on the right hand side tend to fa A,(x)dx, whence (%)
follows.

(i) (=) VQ = (H). Here we assume that (+*) holds for all Q CR" and we
verify (H). It is convenient to introduce the notation

REQ.N =160 [ fexdx
=j0p~ | e s

Thus (**) reads

lim R(& Q. u) = IR(1,Q,A,).
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positive ¢ and partition ( into a finite, disjoint union of subsets ()
Q = U:‘=| Qi.
Take x, in (', i =1,2,...,n, in such a way that

<eE&.

@ [ [, Aeia=Soe0 [ Ao

(b) Sggl¢(X)—¢(x.-)l<& vi.
(c) Choose M(e) such that (using (*x))

|R(£Q u)— IR(L,Q,A) <& ifé>M(e), Vi

Now we write down a chain of inequalities and finally combine them. From (a)
we have

(A1) ’ L [A,(x)e(x)dx —th(x,)]ﬂi MR, A) ’ < le.

Now using (c), and taking & > M(¢):

' > ol 2 PPROL0A) - 3 o) 9 PR (6 2, w)

(A2) :
<e 2 |0 (x).

Next, recall the definition of R, and use (b) to get

Z §0(X,)l ‘Q'i ISINR (§9 Qi’ uU) - J;; §N_suu(§x )‘P (X)dx

(A3) =

Z J’m [o(x)— @ (X)) &N *uo(éx )dx

= 8,[ E" " uo(gx)dx = £ | Q" R (&, Q, uo).
1)

Combine (A.1), (A.2) and (A.3) to get

‘ In [A (x )¢ (x)dx _Jn £ uo(€x ) (x)dx

Sel+e) | Q] Ne(x)+e Q"R Q, up)
i=1

provided that £ > M(¢). This finishes the proof.
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PROOF OF ProPOSITION D. We assume that u, is radial, i.e.,
uo(x) = f(r), r=(xi+- -+ x0)”
for some function f. Using (GAV) we obtain (H). For this, fix any c;> ¢, >0. A

straightforward computation shows that

nes [ Nol g sz “sIN
& [ e ar =g 1Bl [ wiards

x[<e¢a

S
. C1 -sIN
(A4) NTE T B0 " | o
_ (cz—ci)l N
SNIBOTT BT

by (GAV). Now take a test function ¢ € Co(R"). Without loss of generality
assume that ¢ is supported in B;(0). Take an arbitrary positive integer n and let
rn=k/n, k=1,2,...,n Introduce spherical coordinates (r,®) in R" and
compute

I=¢8 . Uo(x ) (x)dx

—e S " e[ eeyear
k=1 Jrn_, 5,(0)

By the mean value theorem there are numbers r¥ in the interval (.-, r.) such
that

r

I=¢" ;} [Lm w(rt,@)d@] [ PN e r.

LS

Using (A.4) we conclude that
lim I = T 3 P [rt“”f (rt @)d@](r‘—r" ]
£ NIB,(())' =N 2, Tk 50 o(ri, c—=risl.
&ks—1

Passing to the limit as r — ® and noting that (ri— ri_))/(n — n)—sr¥’ tendsto
Zero, we arrive at

. _ sl 1N—l s=N e
it =g J, [, o000

= LN @ (X)A(x)dx

as required.
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